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Weak conformality of stable stationary maps 
for a functional related to conformality 

Shigeo Kawai & Nobumitsu Nakauchi 



ABSTRACT. Let (M, g), (N, h) be compact Riemannian manifolds without boundary, 
and let / be a smooth map from M into N . We consider a covariant symmetric tensor 

Tr = f*h — — ||(i/|| 2 (7, where f*h denotes the pull-back metric of h by /. The tensor 
to 

Tf vanishes if and only if the map / is weakly conformal. The norm \\Tf\\ is a quantity 
which is a measure of conformality of / at each point. We are concerned with maps 

which are critical points of the functional $(/) = / ||T/|j 2 (iw g . We call such maps 

Jm 

C-stationary maps. Any conformal map or more generally any weakly conformal map 
is a C-stationary map. It is of interest to find when a C-stationary map is a (weakly) 
conformal map. 

In this paper we prove the following result. If / is a stable C-stationary maps from 
the standard sphere S m (to > 5) or into the standard sphere S™ (n > 5), then / is a 
weakly conformal map. 

2000 Mathematics subject classification: 58E99, 58E20, 53C43 

1 Introduction 

Let (M, g), (N, h) be Riemannian manifolds. A smooth map / from M into N is a 
comformal map if and only if there exists a smooth positive function tp on M such that 
f*h = (pg, where f*h denotes the pullback metric of h by /, i.e., 

(f*h)(X,Y) = h(df(X),df(Y)). 

In this situation we utilize a covariant tensor 

Tf-= f*h - -\\dffg. 

m 

where 

i 

Then f is a conformal map if and only if Tf — 0, unless df ^ 0. We consider a 
functional 



*(/)= / \\Tf\\ 2 dv g 
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where dv g denotes the volume form of (M, g), and 



\\Tf\\ 2 = J2 T f(^ e ^ 



(ei is a local orthonormal frame on (M, g). ) Minimizers of $ are close to conformal 
maps, even if there does not exist any conformal map from M into N. In 5,, the second 
author introduced the above functional $ and proved the first variation formula, the 
second variation formula, a quasi-monotonicity formula and a Bochner type formula. 
We call a map / C-stationary if it is a critical point of the functional $, i.e., if the 
first variation of $ at / vanishes. Any conformal map or more generally any weakly 
conformal map is a C-stationary map. It is of interest to find when a C-stationary map 
is a (weakly) conformal map. In this paper we prove the following two theorems for 
stable C-stationary maps. 

Theorem 1. Let / be a stable C-statinary map from the standard sphere S m into a 
Ricmannian manifold N. If m > 5, then / is a weakly conformal map. 

Theorem 2. Let / be a stable C-statinary map from a Riemannian manifold M into 
the standard sphere S™. If n > 5, then / is a weakly conformal map. 

The contents of this paper are as follows: 

1. Introduction 

2. Weakly conformal maps and the functional $ 

3. Preliminaries 

4. Stable C-stationary maps from spheres 

5. Stable C-stationary maps into spheres 

2 Weakly conformal maps and the functional <£> 

Let / be a smooth map from a Riemannian manifold (M, g) into a Riemannian manifold 
(N, h). In this section we give a tensor Tf of conformality for any smooth map /. We 
recall here the following two notions. 

Definition 1. (i) A map / is conformal if there exists a smooth positive function ip 
on M such that 



(ii) A map / is weakly conformal if there exists a smooth non-negative function ip 
on M satisfying (fTJ). 

The condition (TTJ) is equivalent to 



(1) 



f*h = ipg. 



(2) 



f*h=-\\df\\ 2 g, 
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since taking the trace of the both sides of (1) (w.r.t. the metric <?), we have \\df\\ 2 = 
imp, i.e., <p = i-||d/|| 2 . Then / is weakly conformal if and only if it satisfies ([2]). Note 
that / is weakly conformal if and only if for any point x 6 M, / is conformal at x or 
df x = 0. 

Taking the above situation into consideration, we utilize the covariant tensor 

T f '= fh-^Wfg, 

i.e., 

T f (X,Y) = f (rh)(X,Y)--\\df\\ 2 g(X,Y) 

m 

= h{df(X), df{Y)) - -\\dffg(X, Y) , 
m 

where f*h denotes the pull-back of the metric h. 

Remark 1. In the case of rn = 2, the quantity Tf is equal to the stress energy tensor 
(up to the sign) 

Sf = rh-\\\dffg 
in the harmonic map theory. (See Eells-Lemaire [3], p. 392. ) 
Lemma 1. 

(a) Tf is symmetric, i.e., T f (X, Y) = T f (Y, X). 

(b) / is weakly conformal if and only if Tf = 0. 

(c) Tf is trace- free (with respect to the metric g), i.e., 

(g,T f ) = Trace s T) = ^T/(e», ej) - 0. 

i 

(d) The pairing of the pull-back metric f*h and the tensor Tf is equal to the 
norm ||7/||, i.e., 

(fh,T f ) = J^WhX^eATffaej) = ||I>|| a . 

(e) [|T/|| a = ||/*hf--||4f|| 4 . 

771 

In the above equalities, The product ( , ) denotes the pairing of the covariant 2-tensors, 
i.e., 

(A,B) = Yl A(<n, e^Bfa, ej ) 

i,j = 1 

for any covariant 2-tensors A, B, where (i = 1, • ■ • , m) is an orthonormal frame. 
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Proof, (a) follows directly from the definition of Tf. 

(b) follows easily from the argument mentioned above, i.e., 

/ is a weakly conformal 

There exists a smooth non-negative function ip s.t. f*h = ipg 

7*h=±\\df\\ 2 g 

T f = 0. 

Here if f*h = ipg, then taking the trace of the both sides, we have ||c?/|| 2 = imp, i.e., ip 

= ~ \W\\ 2 . 
m 

(c) Note (g, Tf) = Trace 9 T/. Moreover we have 

Traced = ^7>(e 4 , e 4 ) 

i 

= E { h (<V( e i)> d f(e t )) - ^\Wfg{e ll e t ) 



= J2h(df( ei ), df( ei )) l-Wdff^dieuei) 

i i 

= J2h(df( ei ), df( ei )) - \\dff 



= \W\\ 2 \W\\ 2 
= 0. 



(d) (f*h,T f ) = (T f + ±-\\df\\ 2 9 ,T f ) 



= (Tf,T,) ^\\df\\ 2 (g,T f ) 



\Ti 



■ I 2 



(e) \\Tf\\ 2 = (f*h,T f ) 



= (r h ,rh-±\\df\\ 2 g) 

= \\f*h\\ 2 l\\df\\ 2 {rh,g) 
m 

= \\f*h\\ 2 -Wdff. 

m 



Thus we obtain Lemma 1. □ 
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In this paper, we are concerned with the functional of the norm of Tf 

*(/) = / \\T f fdv g . 
Jm 

This quantity <£(/) gives a measure of the conformality of maps /. Note that if / is a 
conformal map, then $(/) vanishes. 

3 Preliminaries 

In this section we give a technical lemma (Lemma 2), the first variation formula and 
the second variation formula with some notations and definitions. The two formulas are 
obtained in the second author's paper [5]. For reader's convenience we give their proofs 
of these two formula in the appendix at the end of the paper. 
Take any smooth deformation F of /, i.e., any smooth map 

F : (-e, e) x M — > N s.t. F(0, x) = f{x), 

where e is a positive constant. Let ft(x) = F(t, x). Then we have fo(x) = f(x). We 
often say a deformation ft(x) instead of a deformation Fit, x). Let X = dF(^)\ t _ Q 
denotes the variation vector field of the deformation F, 
We define an / _1 TiV-valued 1-form <jf on M by 

(3) a f (X) = J2T f (X,e j )df(e j ) 

3 

where {e^} is an orthonormal frame. The 1-form af plays an important role in our 
arguments. 

We first give the following lemma, which we often use in our arguments. 
Lemma 2. 

(4) J2 h ( z > dF ( e 3)) T F (W, ej) - h(Z, a F {W)) . 

3 

In particular 

(5) ]>>(Z, df( ej )) T f (W, ej ) - h(Z, a f (W)) . 

3 

(6) \\T s f = J2Hdf(ei),<rf(ei))- 



Proof of Lemma 2. The equality ^ easily follows from the definition of gf- Indeed, 
since h(A, B)T F {C, D) = h{A, T F (C, D)B), we have 

Y,K Z , dF ( e 3)) Tf(W, ej ) = h(Z, ^r F (W, e j )dF(e j )) 

3 3 

= h(Z,a F (W)). 
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The equality (|5|) follows from ^ at t = 0. Furthermore let Z = df(ei) and let W = e$ 
in ([5]), and sum with respect to i. Then we have 

^2h(df(ei), df(ej))Tf(ei, ej) = ^/i(#(ej), a f {e,)) . 

Since (/*/i)(e,, e^) = hidfiei), df(ej)), the above equality and Lemma 1 (d) imply ([5]). 
□ 

The first variation of the functional $ is given by the following formula which is 
given and proved in [5]. 



Proposition 1 (first variation formula) 



dt 



—4 / h(X, diVgCTf) dv g . 
Jm 



where div g <7/ denotes the divergence of <7/, i.e., div g a/ = V^(V e( cr^)(ei). 



We give here the notion of C-stationary maps. 

Definition 2. We call a smooth map / C-stationary if the first variation of $(/) (at 
/) identically vanishes, i.e., 



dHft) 



dt 



= 

t=o 



for any smooth deformation f t of /. By Proposition 1, a smooth map / is C-stationary 
if and only if it satisfies the equation 

(7) div 5 cr/ = 0, 

which is called the Euler-Lagrange equation for the functional $(/), where 07 is the 
covariant tensor defined by ©. 

We give the second variation formula for the functional $(/). Take any smooth 
deformation F of / with two parameters, i.e., any smooth map 

F : (-£, e) x (~5, 5) x M — > N s.t. F(0, 0, x) = f(x) . 

Let f St t(x) = F(s, t, x), and we often say a deformation / s . t {x) instead of a deformation 
F(s, t, x). Let 

* = dF(l s )\ s , t=0 , Y = dF(§- t )\ st=Q 

denote the variation vector fields of the deformation f Syt . Then we have the following 
second variation formula. 
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Proposition 2 (second variation formula). 
(8) 



i a 2 $(/. 



4 dsdt 



,t=0 JM 



I h(Ress F (-§- s , div g a f )dv g 

JM 

+ I Y,h(V ei X,V e .Y)T f (e h ej )dv g 

+ I Y,h(y et X,df{e j ))h(y et Y,df{e j ))dv g 

+ f Y J h{V ei X,df{e j ))h{df{e i ),V ej Y)dv g 

mjM i j 

+ [ Y, h ( N R( X ^f^)) Y ^I(e J ))T f {e u e J )dv g , 

where Hess/ denotes the Hessian of /, i.e., Hess/(Z, W) — (V ' zdf){W) — (\7wdf){Z) . 

Remark 2. Note that the first term in the right hand side vanishes if / is a C-stationary 
map. 

Remark 3. The last term of the right hand side in Proposition 2 is equal to 
\ V h( N R (X, df( ei ) ) Y, a f (ei)) dv g , 



since 



J2H N R(X, df( ei ))Y, df( ej ))T f (e u ej) 

i 3 

= Y, h ( NR ( X ,df(e l ))Y,a f (e i )). 



Definition 3. We call a C-stationary map stable if the second variation of <&(/) (at /) 
is nonnegative, i.e., 

d 2 Hft) 



dt 2 



0. 



We give an example of the stable C-stationary map which is not weakly conformal. 

Example. Let us define a map 

/ : M = S 1 x S 1 x • • • x S 1 -> N = Si x S 1 x • • • x S 1 
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by 

f(xi,x 2 ...xe) = (kxi,x 2 ■■■xt) 

where S 1 (resp. S\) denotes the sphere of dimension 1 with radius 1 (resp. k) centered at 
the origin of R 2 . Obviously / is not weakly conformal if k ^ 1. Let us take orthonormal 
unit parallel vector fields e\, e 2 ■ ■ ■ e-t on M where is tangent to the z-th factor, and 
Ei, E 2 ■ ■ ■ Eg on N where Ej is tangent to the j-th factor. Hence we have 

df{ ei )=kE u df(e i )=E i (i^l). 

Every vector field X on TV is written as X = ^ ifiiEi where tpi is a function on N. 
It is easy to show 

T f (v,w) = C{v,w) 

where 

I O anc [ w are tangent to the first factor) 

— k ~ 1 (otherwise) 



C 



Hence we obtain for a tangent vector v on M, 

, N k{k 2 - - I) , N fc 2 -l^ ; 

3=2 

which implies that diver/ = 0, i.e., the map / is C-stationary. 

We have only to prove that / is stable, i.e., the second variation at / is non- negative. 
Denoting ipi o / by tpi, we culculate terms of the right hand side of the second variation 
formula as follows: 



/ ^(Ve^Ve^TXe;,^) 
JM i,3 

= [ (fc2 " y " 1} <v ei X, V ei X) - #^1 ]P (v ei x, W ei X) 

/ ^e i X,df(e j ))(V ei X,df(e j ))= [ ^fc 2 (V ei Vi) 2 + E^(V ei ^) 5 

JM ij JM i * j>2 



/ ^(V ei X,d/( ej -)>(4f(ei),V ej X) = / fc 2 (V ei 



<M 2 



+2fc^(V ei Vi)(V ei ^i) + (V e ,^)(V e3 V,), 

i>2 i>2j>2 



+2fc^(V ei Vi)(V ei ^) + X)2(V e4 ^)(V ei ^)- 

i>2 i>2 j>2 
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Note that the following identities hold: 

(V ei V,)(Ve 3 .Vi) = V e( (^Ve i Vi)-'0j(Ve < Ve i Vi) 
(V ei Vi)(V e ^j) - Ve 3 .(VjV ei ^)-V-j(V e ,V ei ^)- 

Hence exchanging the orders of iterated integrals, we obtain for each i and j, 

[ (V ei Vj)(Ve 3 Vi) = - / Vj(V ei Ve 3 .Vi), 

/ (V ei Vi)(Ve 3 Vj) = - / ^•(Ve.Ve.Vi). 

Thus these integrals coincide because [e^, ej] = 0. Especially we get 

/ (V ei Vl)(Ve 4 Vi) = / (V ei Vi)(V e ^l). 

Let us denote the function V ei ^j by for simplicity. From the fact above, the 
right hand side of the second variation formula is equal to 



(9) 



+fc 2 ^(V ei ^) 2 + E( V -^) 2 + fc2 (V ei ^i) 2 

i i j">2 

|2^(V ei1 l,)(V e ^ 1 )l^^(V e i J )(V,f I ) 

i>2 i>2 j>2 

2 



i>2 i>2 j>2 ' 

I (^(^-^n+Y. 1 -^ E 4+£2fc(l-f)a lia<1 

JmV * j>2 * i>2j>2 4 >2 V 

+Ei( fc2 ^- 1 ) + 1 )^ + Ei( fc2 ^- 1 ) + 1 )^ 

j>2 i>2 

+{ E 4 + E ^^-7 E """.M r 



*i>2j>2 i>2J>2 '>2,j>2 

Note that 



i>2 x 7 x 7 i>2 



M'-^E^-^i-^E^- 



If fc is close to 1, then we have 



9 



Thus the sum of the third, fourth and fifth terms of the equation (*) is non-negative. 
Since \\A\\ 2 + Tr(A 2 ) - ^(TrA) 2 > for every (i-l)x(£-l) matrix A, we have 

2 

X + X a « a J i 7 X a " a « - "• 

i>2,j>2 i>2,j>2 i>2,j>2 

Hence if k < 1 and A: is close to 1, then the second variation at / is non- negative. 

As is seen, there exist stable C-stationary maps which are not weakly conformal. We 
shall show in the next section that this is not the case when the domain or the range is 
a standard sphere. 

4 Stable C-stationary maps from spheres 

In this section, we prove Theorem 1. 

Proof of Theorem 1. Since the standard sphere S m is a submanifold of the Euclidean 
space R m+1 , we may consider that the tangent space of the standard sphere S m at x € 
S m is a subspace of the linear space R m+1 ~ T x W n+1 . Let p = p x denote the canonical 
projection from R m+1 onto the tangent space T^S" 1 . Let E be a unit parallel vector 
field on M m+1 , and let Z be the vector field which is the image by the projection p of 
E, i.e., 

Z x = p x {E) 

for x € S m . Then we can verify 

V 6i Z = —ipet, 

where 

9 = (E, v) 

(the notation ( , ) denotes the inner product on M m+1 ) and v is the unit outer normal 
vector field on S m in K m+1 . Then we have 

(10) V ei (df(Z)) - (V ei d/)(£) + df(W ei Z) 

= (V ei df)(Z) - ipdfiei) 

Take orthonormal parallel vector fields E\, ■ ■ ■ , E m+ i on M m+1 , and set Z^ = p(Ek) 
(k = 1, ■ ■ ■ , m + 1). Then by dTUJ) , we see 

(11) V ei (df(Z k )) = (V ei df)(Z k ) - ifkdfiei) 
where 

tp k = (E k , v) . 

The stability of the C-stationary map / implies the inequality 

m+l 

L(df(Z k ),df(Z k )) > 0, hence £ L(df(Z k ), df(Z k )) > 0, 

fc=i 
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where L(X, Y) denotes the right hand side of the second variation formula ([5]). We 
calculate L(df(Zk), df(Z k )). By the definition of L(X, Y), we see 

(12) L(df(Z k ), df(Z k )) 

J2h(V ez (df(Z k )), V ei (df(Z k )))T f ( ei , ej )dv g 
M i,j 



V/ l (V ei (d/(Z fe )), 4f(e 3 -)) h(V ei (df(Z k )), df(ej)) dv g 

M i,i 

J2h(V ei (df(Z k )), df(e 3 )) h(df(e t ), V ej (df(Z k ))) dv g 

hi 

~ [ £MV e< (4/W), df{ei)) 5>(V e ,(4f(Zfc)), df( ej )) dv g 

m JM f j 

Y,h{ N R(df(Z k ), df(e t ))df(Z k ), df(e 3 ))T f (e t , ej )dv g . 



M ,,j 



M ,, 3 



M 



We denote terms on the right hand side by A, B, C, D and E respectively. By (fTTj) and 
Lemma 1 (a), (e), we have 

(13) A = f Y^h((V ei df)(Z h ),(V Bi {V)(Z h ))T f (e i ,e j )dv g 

Jm i,j 

- 2 f pkY, h((V ei df)(Z k ), df( ej ))T f (e,, e ) dv g 

1,3 

fk\\ T ffdVg. 

By (HJ) and Lemma 1 (a), we get 

(14) B = f Y^h{{S7 ei df){Z k ),df{e 3 ))h{{V ei df){Z k ), df( ej ))dv g 

Jm i,j 

- 2 f ip k J2 h((V ez df)(Z k ), df(e 3 ))h(df{ei), df{e 3 )) dv g 
M id 

Vl\\rh\\ 2 dv g , 

(15) C = [ y i h((W ei df)(Z k ),df(e j ))h(df(e i ), (W ej df)(Z k ))dv g 

JM i,3 

- 2 f <p k J2 h((V e ,df)(Z k ), df( ej ))h(df(ei), df(e 3 )) dv g 
M id 

Vl\\th\\ 2 dv g . 



M 
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and 



(16) D = -1 I ^/i((V ei d/)(Z fc ),d/( ei )) J2 h ((Ve } df)(Z k ), df( ej ))dv g 

M i j 

171 Jm 



1 / <pl\wfdv g 

m JM 



Then by ([T2j) , dT3j) , @3|), ([151), CU) and Lemma 1 (c), we have 
(17) L(df(Z k ), df(Z k )) 



J^h((V ei df(Z k )), df( ej )) h((V ei df(Z k )), df{e 3 )) dv g 
+ I T J h{^ ei d!{Z k )),df{e j ))h{df{e i ),(V ej df{Z k )))dv a 

Y,h((V ei df)(Zk), dfiei)) 5>((V e ,#)(2*), df(e 3 )) dv g 

i j 

J2 h( N R (df(Z k ), df( ei )) df(Z k ), df(e 3 )) T f (e l7 e ) dv g . 
6 / <p k J2h{(V ei df)(Z k ), df{e )) T f {e h e 3 )dv g 

JM ■ „ 



2 

■m J M - 



' M i,j 



+ 3 / ipiWTfW dv g . 

JM 

Using the following formula, we replace the curvature term of N by the Ricci curvature 
term of M. 

Lemma 3. Let / be a smooth map from M into N. For any vector fields X and Y on 
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M, the following equality holds: 
1 

i 

4 



(18) -V x V Y \\T f \\ 2 



+ J^HWxdfKei), (V Y df)(e,))T f (e t , e 3 ) 

i,3 

+ $>(( V *#)(ei), 4f(e j ))/i((Vyd/)(ei), #(e,)) 
+ J2 h ((Vxdf)(e l ),df(e ] ))h(df(e l ), (Vyrf/)(e,)) 

" |EM(Vx#)(ei), #(*)) EM(V^/)fe), 4fte)) 

* 3 

- g h(df( M R(X, ei )(y)), df( ej ))T f ( ei , e 3 ) 

+ J2 h ( NR ( d f( X )' df(e t ))df(Y), dfie^Tfia, e,) . 



where { e^} denotes an orthonormal frame on M. 

Remark 4. Using integration by parts, we can verify that the integral of the first term 
of the right hand side in Lemma 3 over M vanishes for C-stationary maps /. 

Proof of Lemma 3. By Lemma 1, We see 

(19) JvxVH|7>|| 2 = JvxW (£ T /( e - e,) 2 j 

= Y, h ((VxV Y df)(e t ), df( ej ))T f ( ei , ej) 

i,3 

+ Y. h (^Ydf)(e t ), (VxdfKe^Tfiet, e 3 ) 

i,3 

+ J2 h ((^Ydf)( ei ), 4nej))h((Vx<V)(ei), df(e 3 )) 

i,3 

+ EM(Vy4D(eO, df( ej ))h(df( ei ), (V x rf/)(e 3 -)) 

h 3 

- ^l>(( V ^/)( e *)> dfie^^H^xdf^ej), df{e 3 )) . 

i 3 

By the Ricci formula, we have 

(20) (V x Vyd/)(e t ) = (VxV ei rf/)(F) 

= (V et W x df)(Y) - df( M R(X, e i )(y)) + N R(df(X), df{e i ))df{Y) 
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Furthermore by Lemma 2 we have 

(21) J2 h ^e^xdf)(Y),df(e 3 ))T f (e i ,e J ) = £>((V ei Vxdf)(Y), a,^)). 

By P^]) . (|2U|) and (j2"Tj) , we have the equality in Lemma 3. □ 
By Lemma 3 with X = Y = Z k , we have 

5>((V*»4f)(ei), (Vz fc 4f)( ej 0) I>(ei, e,) 

+ Z>((Vz»#)(ei), d/(e i ))/ l ((Vx fc d/)(e i ) ) 

+ ^/.((Vz^/)(e l ),d/(e,))/ l (df( e ,), (V 2t d/)(e 3 )) 

- |EM( v ^/)( e i)> d /( e *)) EM( v ^/)fe): 

» i 
+ ^(^(d/O^), df( ei ))df(Z k ), df(ej)) T f ( ei , e s ) . 



\vzy Zk \\T f \\ 2 



-J2H(V ei V Zk df)(Z k ),a f (ei)) 

i 

+ h(df( sm R(Z k , ei){Z k )), df( ej ))T f (e u e 3 ) 
Then by the equalities (fl~7| 

m+l 

(22) < J2 L (df(Z k ), df{Z k )) 
fc=i 

^ „ m+l 

„ rn+l 

- / EE /! ((Ve i Vz fe d/)(^) 1 <T/(e i ))d« s 

JM fc=l « 

„ m+l 

+ / E E h(df( Sm R(Z k , ei)Z k ), df(e 3 )) T f (e h e )d% 
Jm k=i i,j 

~ m+l 

- 6 / ^2 <Pky^,h((V ei df)(Z k ), df(ej))Tf(ei, e 3 )dv g 

~ m+l 

+ 3 / Y,vl\\T f fdv g . 



fc=l 



We write terms on the right hand side as I, II, III, IV and V respectively. To calculate 
these terms, we use the following lemma. 
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Lemma 4. 

m+l 



(a) ^ Vz fc V.2 fc = A, where A denotes the Laplacian on M = S m . 

k=i 

m+l 

( b ) E g ( Ci ' Zk ) Zk = ei - 
k=l 

m+l 

( c ) E E H d f( Z k), df( ei )) T f (Z k , a) = \\T f \\ 2 . 

fe=i i 

m+l 

Proof of Lemma 4. We first prove that ^ V^ fc Vz fc docs not depend on the 

fe=i 

choice of £k. Take any two sets of orthonormal parallel vector fields {Ek}, {Ek} on 

m+l 

B>m+i . Then there exists an orthogonal matrix (dtp) such that Ek = E ak v Hence 

P =i 

m+l 

Zfe = afep Zfe, where Z fe = p(E k ). Thus we have 

P =i 

m+l m+l m+l m+l 

E Vz h Vz„ = E E E °fcP°*<I V Zp V Z, 
fe=l p=l g=l fe=l 

m+l 

= E v ^ v ^' 

£=i 

which implies that this operator does not depend on the choice of Ek- At a point x 
on S m , take orthonormal parallel vector fields E\, ■ ■ ■ , E m+ \ on R m+1 such that Zk(x) 
(k = 1, ■ • ■ , m) is an orthonormal basis of T^S" 1 and Z m+ i(x) — 0. Then the equality 
in (a) holds clearly. 

m+l m+l 

To prove (b) and (c), we have only to prove g(X, Z k )Z k and ^ h(df(Zk), df(ei)) Tf(Z k , e{) 

fe=l fc=l i 

do not depend on the choice of Ek, which we can verify easily. □ 
By Lemma 4 (a) , we have 

m+l 



1 = if E v z k V Zk \\T f \\dv g = jf A\\T f \\dv g = 0. 



k=l 

Using the integration by parts, we have 



11 = / £M(Ve ( V Zfc #)(Z fc ), 

JM • 



H(^z k df)(Z k ), div 9 cr/) cfo g 

M 



0. 
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since / is a C-stationary map, i.e., div^u/ = 0. 

Considering the fact that sm R{U, V)W = g{V, W)U - g(U, W)V, we get by Lemma 
4(b) 



m+l 



III = / Vy;ft(4f( sm R(^,e i )Z fc ),4f(e i ))T / (c i) e J ) 
Jm k i id 

„ m+l 

= / ^2^2 h(df(g(ei,Z k )Z k - g(Z k ,Z k )ei), dfieMTfia, ej) 
Jm i,j k=i 

= - (m - 1) / 5>(4f(ei), 4f(ej)) 7>( ei , e,) 



= -(m-1) / H7/H 2 . 

JAf 

We used here 

m+l /m+l 



X! -9( e »' z fe)^fe = P\z2 ff(ei ' = P( e i 



k=l \k=l 

For the calculation of the term IV, let us define 



lk (X) = h(df(Z k ), a f {X)). 
Then by (|TT|) and Lemma 2 we have 
Y,h((V ei df)(Z k ), df( ej ))T f ( ei , ej ) 

= ^((V^/)^),^)) 

i 

= Y,{ h ( V ^(df(Z k )),a f (e t )) + PfcJXtffo), Me 

i i i 

= div7 fe + (p k \\T f \\ 2 , 
since Vj(V ei cr/) (ej) = diver/ = 0. Hence we have 



m+l 

(23) £ ^ £ h((V ei df)(Z k ), df( ej )) T f (e u ej ) 

k=l i,j 

m+l m+l 

= E^div 7fc + ^<£fc||T/|| 2 

fe=i fc=i 

(m+l \ m+l m+l 

fe=i / fe=i t fe=i 
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We see 

^e i (( y 9 fe )e l = y^e» ( {E k , v) ) ej = ^{-Efe, R " +1 V ej z/) e, = ^(-Efc, e^e, = 

i i i i 

since E is parallel and R + V ei z/ = ej where R + V denotes the standard connection on 
jgm+i jj ence \yy Lemma 4 (c), we have 

m+1 m+1 

(24) ^2^2e l {Lp k )jk(e i ) = ^ ^ k ej(y> fc ) e,) 

fc — 1 Z fe=l Z 

m+1 m+1 

fc=i fc=i 

m+1 
fe=l i 

We see 

m+1 m+1 m+1 

(25) J2 <Pl = E ^ = ft"' E ^*)^fc) = f) = 1 ■ 
fc=l fc=l fc=l 

Then by (23), (23) and (25), we obtain IV = . By (25), we have 

V = 3 f \\T f \\ 2 dv g . 
Finally substituting I through V into (22), we have 

m+1 



< ^L(df(Z k ),df(Z k )) 

k=l 

(m-1) / llT/f^ + 3 / 117/H 2 ^ 

JM JM 



2 



l.C. 



(4-m) / 

JM 



(m-4) / ||T>|| 2 <fo s <0. 
Jm 



Hence, if m > 5, then we get \\Tf\\ — 0, i.e. / is a weakly conformal map. □ 

5 Stable maps into spheres 

In this section we prove Theorem 2. 



Proof of Theorem 2. We use notations similar to those in the proof of Theorem 1. 
Since the standard sphere E> n is a submanifold of the Euclidean space K™ +1 , we may 
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consider that the tangent spaces of standard sphere §" at y 6 S™ is a subspace of the 
linear space M™ +1 ~ T y M. n+1 . Let p — p y denotes the canonical projection from M. n+1 
onto the tangent space T y § n . 

Let E be normal parallel vector field on R n+1 , and let Z be the vector field which is 
the image by the projection p of E. Then we define a smooth section W of the pull-back 
bundle /- X TS" by 

W x := Z f(x) = p f ( x )(E f{x) ) 

for i £ Af. Then we see 

(26) V ei W = f~ lTsn V ei W = S "V d/(e0 Z = -<pdf( ei ), 
where 

if = h(E, v) 

and v = v x is the unit outer normal vector at fix). (Note that v x = f{x) in the case of 
N = S". ) 

For simplicity, we use the notation Z instead of W, and then by (|2l>|) we have 

(27) V ez Z = -h(E, u)df( ei ). 
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Then by {27]), we have 

(28) L(Z,Z) = [ Y / h(V ei Z,V ej Z)T f (e i ,e j )dv g 
Jm id 

+ I y2h(W et Z,df( ej )) 2 dv g 



+ I y2HV ei Z,df(e ] ))h(df(e l ),X7 e] Z)dv g 
Jm i,J 

3 / h(E, v) 2 y~] h(df(ei), df(ej)) T/(ef, e 3 ) cfe g 

H z , Z)y^h(df(ej), df(ej))T f (ei, ej)dv g 

y^,H z , df(ei))h(Z, df(ej)) Tffc, ej)dv g 
hi 

3 / h(E, uf\\T f f dv g 
Jm 



im 

h{Z, Z)\\T f \\ 2 dv g 



A I 



22 h {Z, df(ei))h(Z, df{e j ))T f {e i , ej)dv g 



M i,j 



Take orthonormal parallel vector fields E\, ■ ■ ■ ,E n+ i on R n+1 . The stability of the 
C-stationary map / implies the inequality 



n+l 



L(Z k , Z k ) > 0, hence J2 L(Z k , Z k )>0. 
fc=i 

Then by (HU, we have 

n+l 

(29) 0<^L(4Z t ) 

k=l 

„ n+l 

= 3 / J2 h (E k ,v) 2 \\T f \\ 2 dv g 

n+l 

J2h(Z k ,Z k )\\T f fdv g 
fe=i 

„ n+l 

y^y^ h[Z k , df(ei)) h{Z k , df(e 3 )) Tf(e i: e 3 ) dv g 

JM i,j k=l 
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To calculate L(Zk, Zk), we first give the following lemma. 

n+1 



Lemma 5. h{Zk, Zk) 



fe=i 

n+1 



Proof of Lemma 5. We first prove that h(Zk, Zk) does not depend on the choice 



fc=i 



of Ek- Take any two sets of orthonormal parallel vector fields {Ek}, {Ek} on R n+1 . 

n+1 

Then there exists an orthogonal matrix (a& p ) such that Zk = cik P Z p . Thus we have 

P =i 

n+1 n+1 n+1 n+1 n+1 

/] h(Zk, Zk) = *^2'^2'^2akpakqh(Z p , Z q ) = } h(Zj, Zj) 

k=l p=l q=l k=l 1=1 

which implies that this quantity does not depend on the choice of Ek- At a point x on S m , 
take orthonormal parallel frame {E\, • ■ ■ , E n+ i} on M. n+1 such that {Z±(x), • ■ • , Z m (x)} 
is an orthonormal base of T x S m and Z n+ i(x) = 0, and then we have Lemma 5. □ 



Since Zk is the projection of Ek onto the tangent space of the sphere S™, we have 

n+1 

Y,h{E kl v) 2 = h{v,v) = 1 

k=l 

and 

n+1 

X! h ( Zk > d f( ei )) h ( Zk ' d f( e j)) T f( e ^ e l) 
k=l i,j 

n+1 

= ^2 h(df(ei), ^2 H d f( e j)> z k) Z k ) T f (ei, e 3 ) 

i,j k=l 

Therefore we get by Lemma 5 and 

n+1 

< ^L(Z fc ,Z fc ) 



k=i 



3 f \\T f \\ 2 dv g - n [ \\T f \\ 2 dv g + [ \\T f \\ 2 dv g 

JM JM JM 



= (4-n) / \\T f \\ 2 dv g . 

JM 

Thus we obtain 

(n-4) / \\T f f <0. 

JM 

Hence, if n > 5, then we get \\Tf\\ = ., i.e. / is a weakly conformal map. □ 
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Appendix 



In this appendix, we give, for reader's convenience, proofs of the first variation 
formula (Proposition 1) and the second variation formula (Proposition 2). 

Proof of Proposition 1. We calculate ll/t*/ 1 !! at an Y fixed point xq G M. The 
connection V is trivially extended to a connection on (— e, e) x M. The frame ej is also 
trivially extended to a frame on (— e, e)x (the domain of the frame), and we use the 
same notation a. Then we see V ei Jj = ^ -§- e i = on (— e, e) x M . Using a normal 
coordinate at x , We can assume V ei ej — at x for any i, j . Since (dF)( ti x ){( e i)(t,x)) 
= (dF) x ((ei) x ), we denote them by dF(ei) simply. Note 

(30) Va(tf(e,)) = V ei (dF(&)) , 

at 

since [J^, ej] = 0. Then using Lemma 1 (a) and (d), we have 
= 2E^|^T F (e, ej) 

= 2 E{|M^), dF(e,)) - iW 5(e , ^We*, ej ) 
r g i 2 OWdFW 2 

= 2 E{|M^(Oi dFfo)) e,) 

= 4 Vh(V 9 (rfF(e,)), dF( ej ))T F (e,, e,) 

= 4 5>(V ei (dF(&)), dF( ej ))T F (e i: e 3 ) 

= iJ2h(S7 ei (dF(^)),a F ( ei )). 

i 

The last equality follows from Lemma 2 for Z = V ei J^)) and for W — ej . Integrate 
it over M and let i = 0. Then using integration by parts, we obtain the first variation 
formula. □ 

o2 || 1 1 2 

Proof of Proposition 2. We calculate \\f* t h\\ at any fixed point xq 6 M. The 
connection V is trivially extended to a connection on (— e, e) x (— <5, <5) x M. We use 
the same notation V for this connections. The frame ej is also trivially extended to a 
frame on (— e, e) x (—5, S)x (the domain of the frame), denoted by the same notation 
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e,-. Then we see 



d 

V a e, = V £i — = 0, 
Vge, = V £i f = 0, 



Ve| = V 9 £ = 



at 

I = v_ 

at i 



on (-£, e) x (—5, 5) x M . Take and fix any point x G M. We calculate J^||/ t *fr|| 2 at 
x = x . Since we can assume V ei ej — at x for any i, j , we see at x , 

V A (dF(e t )) = V ei (dF(£ s )) , 

ds 

Va.(dF(ei)) - V e , (dF(&)) . 

dt 

Then we have 

< 3i > l&r^ 2 



1 E T ^ e i) 2 



4<9s<9i 

*, 3 
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1 \ - dT F (ei, ej) dT F (ei, e ]} 



def 



II + h 



ds dt 



We have 
(32) 



11 = \T i ^QiW dF ^i),dF{e j )) - ±\\dF\\ 2 g(e h ej )| T F (e i)ej ) 

- ^E{^(^),^))}T.( ei , ej .) - ^^™£^we, 

= ^{^M^iM^))} T ^( e i. e i) ( by Lemma 1 (d) ) 
= y2{h(W ± V ± (dF(e t )), dF(e 3 ))\ T F (e u e ) 

—~ I ds dt J 

+ Y,\h(ya_(dF(ei)), V A {dF( ej )))} T F (e i; e s ) 
77 I ds dt J 
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We get 

(33) V^V^(dF(e,)) = (W9_V9_dF)(ei) = (V B W ei dF) (JL ) 

= (V £l V^dF)(f) - N R(dF( ei ),dF(^))dF(^) 

ds 

(•■• v A f = V ei f = 0) 
= Vei Hess F (^, i) - N R(dF( ei ),dF(^))dF(l). 
Then by ^ and d33]), we have 

(34) I X = ^/i( Vei Hess F (f , f), ^(e,)) 

- J2 h ( NR ( dF ( e *)> X ) Y > dF ( e i)) e,-) 
»,i 

+ £ /i(V ej , V ej (dF(&)) ) T F (e,, e,) 

i, j 

In the last equality, we used Lemma 2 for Z = V e( HesSf(J^, -§i) and W — e,. On the 
other hand since 

^ dT F {e i ,e j ) d / ^ 

Z^^(e l , e,-) — = — 2^5(e t , e j )T F (e i , e 3 



by Lemma 1 (d) and 

d\\dF\\ 2 d , .x 9 



dt dt ^ y v J " v ^ 0f 
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we have 
(35) 



= ^E{|TO -(,))} 



1 9||dF|| 2 



i, j 

= lY f {jTs h ( dF M> dF( ej ))\ ^!h{dF( ei ), dF( ej )) - ^\\dF\\ 2 g^, eA 

i, j 

= lT,{§- s h (dF(^ dF( ej ))\ !^h{dF(ei), dF( ej )) 

i,j J 
i,j J 

- ^E{^M<^), ^fo))} fffc, e,- 



' dt 



i ^ j 

= : Is + 14 
We have 

(36) I 3 = + ^(^(ei), W a_{dF( ej )))\ 

x{h(V 9_(dF{ ei )), dF(ej)) + h(dF( ei ), V a_(dF(ej)))\ 

I dt dt J 

= V^(V A (dF(e 4 )), rfF( ej ))/i(Va(^(ei)), dFfe)) 

+ V^(V A (dF(e 4 )), dF( ej ))h(dF(ei), V ± (dF(e,))) 

= X>(Ve i (dF(&)), dF(e J ))/ l (V ei (dF(f )), «fF( ej )) 

+ 4^/ i (V e ,(df(|)), dF( ej ))M<*F( ei ), V ej (dF(§- t ))) . 
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We see 



(37) I 4 = - - 5>(V^(dF( ei )), dF(e i ))5^A(V8.(dF(e i )) > dF(e 3 )) 



- EMVe.W^)), rf^DEM^^I)), dF{e 3 )) . 



Then by ([Ml), (ESI, (EU) and ([371), we have 

1 a 2 $(/ s , ( 



4 dsdi 



A I 



A I 



= / /i(Hess F (^, §- t ), divgCT/Jdug 
J2h(V ei (dF(JL)), V ej (dF(f )))T / (e l , e,)^ g 



5>(V« (<**"(&)), df( ej )) h(V ei (dF(£)), df{e 3 ))dv g 
Y,h(V ei (dF(-§- s )), df( ej )) h(df(e t ), V ej (dF(&)))dv g 

hi 

m JAI l j 

K NR df(e t ) ) dF(f t ), df( ej )) T f (e i} ej) dv g . 



Integrate it over M and let t — 0. Then using the integration by parts, we obtain the 
second variation formula. □ 
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